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Abstract
We study the WZNW models based on nonstandard bilinear forms. We approach
the problem from algebraic, perturbative and functional exact methods. It is shown
that even in the case of integer k we can nd irrational CFT's. We prove that when
the base group is noncompact with nonabelian maximal compact subgroup, the Kac-
Moody representations are nonunitary.
1 Introduction:
Certain WZNW models do not allow the standard formulation based on the Killing form as
the bilinear form in their algebra used to dene the action. These models are based on a
group G whose Killing form is singular (so G is a non-semisimple lie group). In some cases
such as centrally extended non-semisimple groups existence of another invariant bilinear
form [1] comes to our help, enabling us to construct a nonsingular invariant bilinear form to
be used in the denition of the action [2]. Such WZNW models have been used to construct
cosmological models. A non-semisimple group E
c
2
in this manner is used to describe a
homogeneous space with central charge four.




(centrally extended Euclidean group in d dimensions) [4] and double extension of the
lie groups [5]. Also it was shown that the Sugawara construction can be extended to such
models with an arbitrary invariant nondegenerate bilinear form [6].
In this paper we consider several aspects of these non standard models. We show that
conformal invariance is achieved in a similar way to the standard case. In the Sugawara
construction of the Virasoro generators one needs to know the inner product of two currents.
This is given by a bilinear form of the group which is subject to the Ane-Virasoro Master
Equation (AVME) [7]. We show that certain symmetry requirements on the Sugawara
construction restrict the solutions of the AVME to a unique form in agreement with [6].
From this solution one can nd the Virasoro's central charge [6].
As a special case we consider SO(3; 1) group to exemplify the general arguments. SO(3; 1)
has more than one bilinear form with the desired properties. We nd central charges cor-
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responding to these nonstandard bilinear forms, then look for representations of the corre-
sponding Kac-Moody algebras. We also nd the conformal weights. Since the Kac-Moody
level must be an integer for the Lorentz group, the standard WZNW models based on it
can have only rational conformal central charges and weights, in contrast to the present case
with real central charges and weights which is due to extra parameter in the nonstandard
bilinear form. This is interesting that despite the fact that k must be an integer we can
obtain irrational central charges and noninteger eective level.
On the other hand, WZNW models based on non-compact groups have also been consid-
ered. In [8] it is shown that SU(1; 1) theory is nonunitary, but latter works [9, 10, 11] showed
that string models for this group is indeed unitary thanks to Virasoro conditions (no-ghost
theorem). There is an argument in [12] for nonunitarity of the Kac-Moody of SO(3; 1) in
large limit of the level. In this paper we generalize these results to the representations of
any Kac-Moody algebra based on a non-compact group with nonabelian maximal compact
subgroup. Whether despite nonunitarity of Kac-Moody representations unitary Virasoro
representations can be extracted shall be addressed elsewhere.
In the second part of this paper we treat the model perturbatively, nding the -function
and generating functional to all orders of perturbations. A non trivial question about the
path integral is whether path integral measure receives any changes due to the change of
bilinear form, indeed we show in the appendix that the choice of bilinear form in the path
integral measure is independent of the choice of bilinear form in the action. Finally in this
approach we calculate the trace anomaly. We also analyze the model by functional method
obtaining the interesting result of the renormalization of the bilinear form which corresponds
to k renormalization in ordinary WZNW models.
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2 General Properties; Conformal and Ane Structures:







































B is a three-dimensional manifold whose boundary is , and U is a map from  (or its
extension B) to the group G. The path integral should be independent of the extension of U
to B. When 
3
(G), the third homotopy group of G is nontrivial, parameter k in the action
is restricted. On the other hand, if 
3
(G) = 0 there is no restriction on k and it can be













(H) = 0 and k can be any real number, and when 
3
(H) = Z it is restricted
to be an integer.











's are generators of the group G; the WZNW














































is structural constant and 
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) ) in which c
v
is the
second Casimir of the group.














































is an inner product of x and y, two vectors in the Lie algebra of
the group.
We can generalize the standard WZNW model (2.2) by considering a bilinear form M
instead of 
 which has to have three properties: Firstly, M is a symmetric bilinear form:
< x; y >
M
=< y; x >
M
; (2.5)
which is a property of real inner products; secondly, it is an invariant of the group which will






=< x; y >
M
(for all U in
G), or equivalently < [x; y]; z >
M
+ < y; [x; z] >
M































For several simple and semi-simple groups M has a unique form which is just 
 the
Cartan-Killing form, however, there are some groups with more than one bilinear form with
the above properties. Example is SO(3; 1) or SL(2,IC) group.















































is the 3  3 unit matrix; and c
v


















Another invariant bilinear form is introduced via the other Casimir:
































where  is a constant.
Furthermore, for a non-semi-simple group the Killing-form is degenerate and the corre-
sponding WZNW action is ill-dened, nonetheless for the most general known cases of double
extended groups in [5], it is possible to nd another bilinear form with required properties
(2.5, 2.6,2.7). M can be introduced as a linear combination of these two bilinear forms that
is non-degenerate, invariant and symmetric.









































Here topological nature of WZ term is important. As in the standard WZNW models
(2.2), we need to nd the third homotopy group of H the maximal compact subgroup,
5
because the change of bilinear form on G can not change its topological properties. The




(H) is nontrivial. For
example in the case of SL(2; IC) where H is SU(2) restriction of M to H is just 
 and hence
k is integer, however, there is no restriction on .













Following [13], one can nd the Kac-Moody algebra from the action (2.16) by calculating




















+   : (2.18)
In a traditional ansatz energy-momentum tensor could be constructed from normal or-
dering of two currents:







In order to have a conformal eld theory energy-momentum tensor and currents have to














+   : (2.20)
From the OPE's (2.18) and (2.20), one nds that the coecients L
ab
are restricted to the
































After constructing energy-momentum tensor with some solution of the AVME, one can
6
nd Virasoro's central charge from OPE's of the energy-momentum tensors:


















Now we solve the general AVME (2.21) exactly by supposing that L is a symmetric
and group invariant form (i.e. equation (2.6) holds when replacing M by L). The latter
assumption is legitimate because the energy-momentum tensor does not take any change
when one changes the currents by the action of the group
1


































































and using (2.3), we get:






This result is very pleasant. It can be considered as renormalization of kM corresponding
to renormalization of k in the ordinary WZNW models. As a special case for semi-simple
groups one can choose M to be 









This assumption is violated when one considers only the action of some subgroup in coset-constructions.
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where  = k=(k + c
v

















Notice that k is an integer but there is no restriction on , thus the above expression





The solution (2.24) also recovers the results of [14] and is in agreement with [6].
The next step is to nd the conformal weights of the Kac-Moody primary elds. First















































In an irreducible representation of the group, Casimirs of the group are just c numbers,
so any state in an irreducible representation of the group is an eigenstate for L
0
. As in [15]







integer or half integer number which denotes the lowest spin in this representation and j
1
is























































Let us look at unitary representations of the Lorentz group. First consider the main
series in which j
0
is arbitrary and j
1


































Other unitary representations of the Lorentz group are supplementary representations in
which j
0
= 0 and j
1
is a real number such that 0 < jj
1



















In the supplementary representations one can introduce the following parameter which











In terms of this new parameter conformal weights for supplementary representations and





















These are just the expressions for  and c in the absence of  which is the ordinary Vi-
rasoro algebra based on the SO












be introduced only in supplementary representations. In the main representations one can
not nd such a reparameterization to transform central charges and conformal weights si-
multaneously to their values in the standard SO


(3; 1). This shows that these theories are
generally dierent from standard models.
Another aspect of the expressions in (2.27) and (2.33) is degeneracy of central charges
and conformal weights which means that for a large set of k and  one can obtain a common
































) and (k; ) .
Non-Unitarity in Representations:
Here we shall prove a theorem on the unitarity of representations of the Kac-Moody
algebra based on a non-compact group.
We shall see that unlike the case of compact base groups where we have a nite number
of unitary representations, in general we have no unitary representation of the Kac-Moody
algebra based on non-compact Lie groups.
Let G be a non-compact group, and H be its maximal compact subgroup. Suppose
Kac-Moody algebra based on the group G has a highest weight unitary representation on a
vector space V .




is innite dimensional since G is non-compact. V must also carry a unitary representation
of
^
H level k. It is well known that unitary representations of
^
H are specied by highest
weights of H belonging to:
 
H





's are the positive roots of H which for the moment are assumed to be non-zero.
As it can be seen  
H
is a nite set. This contradicts the well known fact that  includes






On the other hand, when 
H
= 0 there is no restriction on the representation of H which
is now an abelian subgroup. The above statements can be summarized in the following
theorem:
For a Kac-Moody algebra based on a noncompact group, with a non-abelian maximal
compact subgroup, highest weight unitary representations do not exist.
According to this theorem the commutative nature of the maximal compact subgroup









which are non compact with an abelian maximal compact subgroup and admit unitary representations
[11, 14].
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3 Eective Action, Perturbative Results and Functional
Approach:
In the last section we had an algebraic approach to the problem. In this section we repro-
duce some of our results in the previous section among other things using a path integral
formulation. This will shed light on the intricacies involved in the nonstandard bilinear
form. In particular it will make clear why the master equation has the solution (2.24). For a



























is Wess-Zumino term (the three dimensional integral in (2.4)) and 

and  are
the inverse and the determinant of the metric tensor, respectively.
For this chiral model let us look at the holomorphic part of the theory. To nd correlation
functions for the holomorphic currents J , one can introduces sources l
a

(x), and add a source
term to the action as:























All the connected correlation functions for currents and energy-momentum tensor could
be derived by taking derivatives of S
eff
with respect to l and/or 

.







in the action, where U
q
is quantum uctuation around the classical eld U
cl
which satises
classical equations of motion. By applying generalization of Polyakov-Wiegmann equation
[16], we obtain:
























is the classical antiholomorphic current which equals to zero by using the equation
of motion [17]. Therefore, we can write:
S
eff







depends on both metric and sources explicitly, and S
q















and does not depend on sources at all, so all the correlation functions can be obtained from
the classical action. This feature has a crucial role in solubility of the WZNW models which
also exists in our extended case.
Despite this fact we still need to calculate S
q
since it gives the energy momentum tensor
and conformal anomaly.
Since current-current correlation functions could be found by taking derivatives of S
eff
with respect to l

(x), the quantum part S
q
does not contribute to these correlation functions,
i.e. all loop corrections will cancel out [17]. Firstly, let us calculate these current-current


















Note that this is a connected correlation function.
13



































It consists of disconnected (rst term) and connected (second term) parts of the correlation



















































The rst term in the second equation is just the connected contribution in the absence
of the external elds, and the last term renormalizes the disconnected part by renormalizing
kM in the disconnected part to kM + c
v

. It means that turning on the external eld only
renormalizes the disconnected part. This renormalization is a reection of the Sugawara
construction and the solubility of the model.
In order to derive the -function and the energy-momentum tensor, we try to nd quan-
tum corrections via the quantum generating functional S
q
. We put U
q





and expand it around unity:
U
q






















U and the above expression in the action (2.16) to the fourth order in




























































The three dimensional integration on manifold B is converted to a two dimensional term
(last term in (3.13)) by divergence theorem.
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From the above lagrangian we can nd Feynman rules for perturbative calculations.
These rules include two factors. The ordinary part which includes the eects of numerical
constants and derivative operators, and a second part which consists of group theoretic
tensorial structure.
The main dierence between the two WZNW models in (2.2) and (2.16) is their tensorial
properties which will be manifested in the second part of the Feynman rules. So, let us



























The -function could be derived considering the quantum corrections to the two point
propagator. For rst order of approximation, consider one loop corrections in g.1.a and b.
























































































From which after regularization
4
























Notice that for complete expressions we consider permutations of partial derivatives on Green functions,
but for brevity we write here only one form of these permutations.
4
Regularizations of such integrals including two dimensional  tensors are fully developed in [18].
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Figure 1. One Loop (Propagators and Generating Functional).
In order to calculate S
q
































( )  lnV ); (3.20)
in which  and V are the laplacian and volume of the manifold , respectively, and prime
denotes that the zero modes of the laplacian are to be omitted when evaluating the deter-
minant. This one loop result corresponds to the graph in g.1.c.
For two loops, we need to consider graphs in g.2. For each graph we have a contribution





























































G(x; y)G(x; y) (3.22)
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which make sense after regularization. Moreover, we ought to add a contribution from the
path integral measure due to changing variables from U to . The measure contribution S
m




















As stated in the appendix, the path integral measure can be constructed by any non-




and its derivatives do not depend








Figure 2. Two Loops.






we use the method of [17] with

























In higher loops, by using the three properties ofM (2.5,2.6,2.7), it is possible to transform
the tensorial part of each graph at each loop order into a unique form. This means that the
choice of dierent bilinear form consistent with (2.5,2.6,2.7) and addition of the tensorial
part to the Feynman rules does not eect the solubility of the model. This is manifested in
(3.24) when we nd the two loop generating functional to be the same as one loop result up
17


























































Figure 3. Three Loops.
Let us look at the three loops as an illustration. There are eight 3-loops graphs as in
g.3. One can easily check by using the properties ofM and the Jacobi identity for structural



























Taking account of the numerical coecients, this is manifestly the trace of Nth-term in the





times M , so:
S
q






In each order for S
q









Thus, in this category of WZNW , we have found the same expression for S
q
as the
ordinary WZNW models in terms of the central charge c and Dfg, from which we nd the








where R is the two dimensional scalar curvature. This result is the same as that the ordinary
WZNW models based on semi-simple groups.
The renormalization of kM can also be obtained by the functional method. Consider the































































We shall apply bosonization techniques [19] to calculate the above determinant.














These currents will obey the Kac-Moody algebra with c
v

























+   : (3.37)































whose current algebra is just (3.37). It is worth noting that as long as  is nondegenerate,
(3.34) is independent of .


















In this work WZNW models for noncompact and non-semisimple lie groups are developed.
Firstly for non-compact groups we proved an important theorem that the highest weight
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representations of Kac-Moody algebras for these groups are nonunitary when maximal com-
pact subgroup of the base group is nonabelian. On the other hand, in such cases the third
homotopy group of the lie group is nontrivial which leads to integer Kac-Moody central
charges k. However, using a nonstandard bilinear form which couples compact and non-
compact subspaces as in the case of SO(3; 1), we obtained irrational conformal weights and
central charges.
Hence, introducing nonstandard bilinear forms is useful in developing new conformal
theories in the case of non-compact groups and is necessary in the case of non-semisimple
groups. In this relation we treated the model perturbatively and showed that -function
vanishes at the same points as in standard models.
Renormalization of kM was investigated in dierent approaches. Firstly, it is due to the
renormalization of disconnected graphs in current-current correlations. Secondly, by calcu-
lating quantum generating functional of two dimensional metric to all orders of perturbation
we found the renormalized kM in the Sugawara form. Finally, this renormalization can be
seen from functional determinant. From the generating functional it is easy to obtain the
trace anomaly.
These approaches show that the nonstandard WZNW theories can serve as novel confor-
mal eld theories. There are still open questions such as existence of unitary representations
of the Virasoro algebra which shall be addressed elsewhere.
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5 Appendix
Here, we treat the path integral measure in terms of  elds. To dene a measure we need
to dene distance notion in eld conguration space. It can be done by using some bilinear






















describe zero modes and nonzero


























































































is independent of collective variable U
0







































[d; ] +   : (5.8)
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 elds could be parameterized in terms of hermitian matrix functions g
r
which span the


















































































































By substituting (5.7) and (5.8) in (5.4) for d
02






















































Using the completeness of g
r































































It is worth mentioning that from (5.18) m
1
is independent of  and this is also true for
m
2
and higher order terms.
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